We compute the full set of weak-scale gauge and Yukawa threshold corrections in the minimal supersymmetric standard model, and use them to study the effects of the supersymmetric particle spectrum on gauge and Yukawa coupling unification.
Introduction
The idea of supersymmetric unification has received a significant boost from the recent observation that the gauge couplings unify in the minimal supersymmetric standard model. 1 Indeed, this observation has given great impetus to the search for supersymmetric particles at present and future accelerators. In this talk we will assume that supersymmetry has been found, and ask what the supersymmetric particle spectrum can tell us about unification-scale physics.
To lowest order, the answer is not much, because the one-loop renormalization group equations (RGE's) do not depend on the physics of the unification scale. To second order, the story is different. This is because the two-loop RGE's must be used in conjunction with the one-loop threshold corrections. The threshold conditions depend on the weak-scale supersymmetric spectrum and on the unknown unificationscale physics. Therefore to second order, the superparticle spectrum is correlated with the physics of the unification scale.
In this talk we will report on results of a complete next-to-leading-order analysis of supersymmetric unification. Our results are based on the full set of two-loop supersymmetric renormalization group equations, together with the complete oneloop threshold conditions, including finite parts. We use a two-sided differential equation solver which allows us to impose boundary conditions at the weak scale, M Z , and at the unification scale, M GUT .
At the weak scale, we specify the DR gauge couplingsĝ 1 (M Z ) andĝ 2 (M Z ), and the DR vevv, which we extract from the Fermi constant, G F , the Z-boson mass, M Z , and the electromagnetic coupling α EM . We also specify the top and tau DR Yukawa couplingsλ t (M Z ) andλ τ (M Z ), which we compute from tan β ≡ tanβ =v 2 /v 1 and the top and tau pole masses, m t and m τ .
We define M GUT to be the scale whereĝ and A 0 ≡Â 0 (M GUT ). We also define the DR strong couplingĝ 3 (M GUT ) by the unification conditionĝ
where ǫ g parametrizes the gauge-coupling threshold correction at the unification scale.
In a similar way, we impose bottom-tau unification and define the bottom-quark DR Yukawa coupling to bê
where ǫ b parametrizes the unification-scale Yukawa coupling threshold correction. We solve the supersymmetric renormalization group equations self-consistently, subject to the boundary conditions at M Z and M GUT . In this way we find a prediction for the DR couplingsĝ 3 (M Z ) andλ b (M Z ). We then apply the weak-scale threshold corrections to determine the MS strong coupling, α s (M Z ), the bottomquark pole mass, m b , and the full supersymmetric particle spectrum. Our results allow us to correlate the unification-scale thresholds ǫ g and ǫ b with m b , α s (M Z ) and the superparticle spectrum.
Threshold Corrections

The Match-and-Run Procedure
To study unification-scale physics, it is important to use the correct weak-scale threshold corrections. Typically, these corrections are computed using the so-called match-and-run technique, which is based on the successive decoupling of particles at the scale of their masses. As an example of this technique, let us consider a running DR massm, whose full β-function depends on all the particles in the supersymmetric standard model. For large renormalization scales µ,m evolves according to its complete supersymmetric RGE. Let us now runm towards the weak scale, M Z . Along the way, we eventually encounter the scale of the squark masses. According to the match-and-run procedure, we must stop the evolution and construct a new effective theory in which the squarks are integrated out. We must then continue the evolution, using the new β-function, without the squark contribution, subject to the matching conditionm(m − sq ) =m(m + sq ). We repeat this procedure at each new threshold, finally stopping at the scale µ =m(µ). The quantitym(m) is the match-and-run approximation to the physical pole mass.
To test this procedure, let us compute the threshold correction to a particle of massm from a particle of mass M, with M > m. According to the match-and-run procedure, the decoupling of the heavy particle gives the correction
as shown in Figure 1 . In this expression, ∆β is the difference of the β-functions, before and after decoupling. The exact one-loop result can be found by computing the diagram of Figure 2 . It is given by ∆m
For µ = m, this reduces to
where the finite contribution does not contain any logarithms. These results indicate that the match-and-run procedure gives a good approximation to the pole mass whenM ≫m. In this case the large logarithm, proportional to log(M 2 /m 2 ), dominates the threshold correction. Whenm ≃M , however, the finite term is typically as large as the logarithm. The finite correction is completely missed by the match-and-run procedure. In supersymmetric unified models with universal boundary conditions, it is quite possible for all the supersymmetric masses to be near M Z , in which case the match-and-run procedure gives an error of O(1).
Gauge Coupling Thresholds
It is important to use the correct weak-scale threshold corrections because supersymmetric unification depends sensitively on the weak-scale boundary conditions. This can be easily understood from the one-loop renormalization group equations for the gauge couplings. Assuming unification, the RGE's imply
at any scale µ, where the β i are the one-loop β-functions for the running gauge couplings. Solving for α s (M Z ) and varying the inputsĝ
This implies that an error in the determination ofĝ 1 (M Z ) orĝ 2 (M Z ) of 1% percent can lead to an error in the evaluation of α s (M Z ) of more than 10%. The fact the RGE's can naturally amplify small errors means that one must determine the weak-scale threshold corrections to complete one-loop accuracy. Therefore, in our analysis, we computeĝ
.187 GeV, the electromagnetic coupling α EM = 1/137.036, the top-quark mass m t , and the parameters that describe the supersymmetric model. We include logarithmic and finite contributions, so our results are more accurate than those based on the match-and-run procedure. Note that we do not use the best-fit value of the standard-model weak mixing angle, sin 2θ SM . This is because the standard-model value of sin 2θ SM , extracted from a combined fit to the data, cannot be used in a supersymmetric analysis when finite corrections are important. (See also [2] . We did not include the complete gauge coupling thresholds in the preliminary results presented at the conference.)
We start our analysis by computing the electromagnetic couplingα and the supersymmetric weak mixing angleŝ 2 in the DR renormalization scheme,
Equation (9) includes the light quark contribution extracted from experimental data, 4 together with the leptonic contribution. It also contains the logarithms of the Wboson, top-quark, charged-Higgs, squark, slepton, and chargino masses. In eq. (10), theΠ denote the real and transverse parts of the gauge boson self-energies, evaluated in the DR scheme. Equation (10) [6] .)
From these results we find the weak gauge couplingsĝ 1 (M Z ) andĝ 2 (M Z ) using the DR relationsĝ
whereα =ê 2 /4π. These couplings serve as the weak-scale boundary conditions for the two-loop supersymmetric RGE's.
7 Note that they depend on the masses of the supersymmetric particles, which are determined self-consistently through the solution to the renormalization group equations. The DR values forĝ 1 (M Z ) andĝ 2 (M Z ) contain the full one-loop threshold corrections, including the logarithmic and finite contributions.
Mass Thresholds
Since the exact one-loop self-energies have been computed for all particles in the minimal supersymmetric standard model, 8 it is possible to include all the logarithmic and finite corrections in the threshold corrections. In this section we will discuss the leading corrections for the top-and bottom-quark masses.
The relation between the top-quark pole mass and the running DR mass is given by
wherem t is the DR mass, andΣ t is the top-quark self-energy, defined byΣ t = Σ 1 + m tΣγ , and the quark self-energy is writtenΣ 1 +Σ γ / p +Σ γ5 / pγ 5 +Σ 5 γ 5 . Equation (12) relates the running mass to the pole mass at any scale µ near m t . In a unification analysis, this leads to a computational simplification because the RGE's can be run down to a single scale µ, and then all the threshold corrections applied simultaneously. For the case at hand, we take the scale µ = M Z .
The top quark threshold correction receives its most important contributions from gluon and gluino/squark loops. The correction from the gluon loop is well-known, * m t =m t (µ) 1 + α s 3π 5 + 6 log µ m t ,
wherem t (µ) is the running DR mass evaluated at the scale µ. For µ = m t , this correction is about 6%. The gluino/squark contribution is given by
− 2mg (A t +μ cot β) m
where B 0 and B 1 are the two point functions
andμ is the Higgs mass parameter. This expression contains a finite plus a logarithmic piece for mg > m t and/or mt > m t . The logarithmic contribution, which can be larger than the gluon contribution (13), is given correctly by the match-and-run procedure.
The finite piece is of order 1%. The bottom-quark mass also receives a significant threshold correction, similar to (13), from the diagram with a gluon loop. For µ = M Z , the large logarithm log(m b /M Z ) must be resummed to determine the pole mass. For the bottom quark, the correction from the gluino/squark diagram is also important; the second line in (14) becomes
for large tan β. This correction, 9 which is completely missed in the match-and-run procedure, can be as large as 50%. In the following, we chooseμ > 0 to minimize the bottom-quark mass.
Yukawa Coupling Thresholds
To discuss supersymmetric unification, and in particular, bottom-tau Yukawa coupling unification, one needs to find the running DR Yukawa couplings. In this section we will show how to use the mass threshold corrections to find the running DR Yukawa couplings. The DR Yukawa couplings contain all the weak-scale threshold corrections.
Let us illustrate our procedure for the case of the top quark. As above, we find the running DR mass from the physical pole mass using (12). We then relate the DR mass to the DR vev and Yukawa coupling by the simple relation
The DR vev is determined from the gauge couplings and the Z-boson mass, Combining these expressions, we find the threshold-corrected Yukawa coupling,
where m t is the top-quark pole mass. Equation (19) converts the measured top-quark mass into a threshold-corrected Yukawa coupling at the scale µ. Following this procedure, we can find all the threshold-corrected Yukawa couplings in terms of two-point functions. The great advantage of this approach is that the final formulae are much simpler than those obtained using three-point diagrams.
Numerical Analysis
Gauge Coupling Unification
Now that we have the full set of one-loop threshold corrections, we can carry out a consistent numerical evaluation of the two-loop supersymmetric RGE's. In what follows we will study correlations between the low-energy supersymmetric spectrum and the physics of the unification scale.
As a point of reference, we show in Figure 3 our results for α s (M Z ) in the M 0 , M 1/2 plane, with no unification-scale threshold corrections, for m t = 170 GeV, tan β = 2, and A 0 = 0. Comparing with the value from the particle data group, 10 α s (M Z ) = 0.117 ± 0.005, we see that α s (M Z ) is rather large.
The value of α s (M Z ) is correlated with the low-energy supersymmetric spectrum through its dependence on M 0 and M 1/2 . In Figure 3 we also show representative values of the light-squark masses in the M 0 , M 1/2 plane. If, for naturalness, we require the squark masses to be below 1 TeV, we find the lower bound α s (M Z ) > 0.127 from Figure 3 .
The values of α s (M Z ) quoted here are larger than in many previous analyses for two reasons. First, during the past few years, the best-fit value for the top-quark mass has been increasing. This implies a decreasing central value for the standardmodel weak mixing angle, which then leads to an increase in α s (M Z ). Second, the finite corrections decreaseŝ 2 , which leads to a further increase in α s (M Z ). The finite corrections are important in the region M 1/2 < ∼ 200 GeV where α s (M Z ) is appreciably larger than in the leading logarithmic approximation, as shown in Figure 4 .
Of course, the value of α s (M Z ) can be reduced by a unification-scale threshold correction with ǫ g < 0. This is illustrated in Figure 5 , where we show the upper and lower bounds on ǫ g necessary to obtain α s (M Z ) = 0.117 ± 0.01. We find that ǫ g of just −2% is sufficient for a wide range of supersymmetric masses. For squark masses of order 1 TeV, no unification thresholds are required.
Yukawa Coupling Unification
In typical SU(5) models, the bottom and tau Yukawa couplings unify at the scale M GUT . This leads to a prediction for the bottom-quark pole mass, m b , as a function of m t and tan β. For m t ≃ 170 GeV and arbitrary tan β, one typically finds a bottomquark mass above the range experiment, 10 which we take to be 4.7 < m b < 5.2 GeV. There are two regions of tan β where m b is smaller and successful bottom-tau unification is easier to achieve: tan β < ∼ 2 and tan β > ∼ 40.
In the region tan β < ∼ 2, the top-quark Yukawa coupling is large, approaching the perturbative limit. The large coupling drives electroweak symmetry breaking and significantly affects the RGE for the bottom-quark Yukawa. It pushesλ b (M Z ) down and decreases the bottom-quark mass. In the region of large tan β, both the top-and bottom-quark Yukawa couplings are large. They both make significant contributions to the RGE's. Indeed, for large tan β, the large bottom-quark Yukawa actually drives down the value of the bottom-quark mass. Therefore we have the possibility of successful bottom-tau unification for small and large tan β.
In Figure 6 we show m b and α s (M Z ) versus m t , for small tan β and various values of M 0 , and M 1/2 , with no unification-scale thresholds. The figure corresponds tô λ t (M GUT ) = 3. Smaller values ofλ t (M GUT ) give rise to larger values of m b , so the curves can be interpreted as lower limits on the bottom-quark mass (in the small tan β region). We see that m b is large unless the squark masses are of order 1 TeV.
In Figure 7 we show m b and α s (M Z ) versus tan β, in the large tan β region, for m t = 170, and various values of M 0 , and M 1/2 , with no unification-scale thresholds. For each point, we choose the maximum value of tan β subject to the physical requirements m A > 22 GeV, mτ > 45 GeV and m χ This expectation is confirmed in Figure 8 , where we show the band of unification- scale thresholds ǫ b that are necessary to bring m b into the preferred range. For the figure, we first choose ǫ g to fix α s (M Z ) at its central value, α s (M Z ) = 0.117. We then vary ǫ b to obtain 4.7 < m b < 5.2. The two bands of ǫ b correspond to the regions of small and large tan β. In the first region, we set tan β = 2.5, and in the second, tan β = 30. The figure indicates that Yukawa threshold corrections of less than 10% are sufficient to ensure successful unification, provided the gauge thresholds are such that α s (M Z ) agrees with experiment. 
